In this paper, we develop a theory for frequency dependent polarizability of an atomic state in an interaction with a focused linearly polarized vortex beam. This theory naturally produces a vector component of the valence polarizability to an atomic state, unlike interaction with paraxial linearly polarized vortex or non-vortex beam, obeying the total angular momentum conservation of the beam. The theory is employed on Sr + ion to precisely calculate the magic wavelengths of the clock transitions 5s 1 2 → 4d 3 2 , 5 2 and tune-out wavelengths using correlation-exhaustive relativistic coupled cluster (RCC) method. The variation of the vector polarizability with the orbital angular momentum (OAM) of the beam shows significant contributions near the resonance frequencies, and sometimes comparable to the contributions of scalar and tensor polarizabilities to determine the magic wavelengths. The external control of the magic and tune-out wavelengths with the focusing angle and OAM of the beam improves the flexibility for the advancement of trapping reliant quantum technologies.
I. INTRODUCTION
In the recent years, laser trapping and cooling of neutral atoms have been attracted significant attention to the experimentalists and achieved as an established technique in high precision spectroscopic measurements [1] [2] [3] . Along with neutral atoms, charged ions are also becoming newer species of potential interests in optical dipole trapping experiments [4] [5] [6] [7] . However, mechanism of trapping by optical means inevitably produces respective Stark shifts in the associated energy levels of the atoms and influences the fidelity of the precision measurements. Magic wavelengths are the unique wavelengths of the external laser beam for which the differential ac Stark shift of an atomic transition vanishes effectively. Therefore, the impediment in precise spectroscopic measurements can be diminished if the atoms are confined at predetermined magic wavelengths of the laser beam. These wavelengths have significant applications in atom optics, such as atomic interferometers [8] , atomic clocks [9] [10] [11] and atomic magnetometers [12] .
Nevertheless, determinations of precise values of magic wavelengths of an atomic transition depend mainly on how accurately the frequency-dependent or dynamic valence polarizability (POL) values, which are basically the combination of scalar (α [1] [2] [3] [4] of the atomic Zeeman sub-level, are calculated. In general, POL is defined in term of an offresonant electric dipole interaction between the atom and the trapping light. The vector POL, which yields the energy shift of Zeeman sublevel, arises from the circularly * abhowmik@campus.haifa.ac.il † sonjoym@phy.iitkgp.ernet.in polarized external field [4, 7] . Usually, it is one of the non-magnetic field sources to remove Zeeman degeneracy and becomes very significant in the evaluation of magic wavelengths for cases such as "knob" to adjust an optical trap [18] . Especially, our recent work [7] about the interaction with circularly polarized non-paraxial vortex beam shows that the magic wavelengths of an atomic transition are significantly affected by the focusing angle both in numbers and values compared to the Gaussian beam. The distinctive feature of the vortex beam is that in addition to the spin angular momentum (SAM) associated with the polarization, it has OAM which arises due to the helical phase front of the beam [19] [20] [21] [22] [23] . Therefore, for a circularly polarized vortex beam, it is obvious that the beam creates a vector part of the POL when it interacts with the cold atoms or ions which are below their recoil limit. However, this is not usually true for a linear polarized gaussian or vortex beam.
In this work, we show that vector POL can be produced naturally in cold atoms or ions due to interaction with a linearly polarized focused vortex (LP-FV) beam satisfying the conservation of total angular momentum of the beam. Therefore, this is one of the prolific artifacts of spin-orbit coupling in vortex beam. We apply this theory for the precise calculations of dynamic POL and as a consequence the magic wavelengths of 5s 1 2 → 4d 3 2 , 5 2 transitions of Sr + ion, an well studied [24] [25] [26] [27] excellent candidates for optical frequency standard and quantum information storage [28, 29] . As the spin-orbit coupling of light depends on the topological charge and focusing angle, we quantify the effects of these parameters on the vector POL, dipole POL, magic and tune-out (where the dynamic POL goes to zero for certain frequency [30, 31] ) wavelengths which will be important for experimentalists to choose the parameters of the vortex beams used for trapping.
II. THEORY
According to the time-independent second-order perturbation theory [5] , the ac Stark shift of an atomic state in an external oscillating electric field E(ω) is expressed by ∆F (ω) = − 1 2 α T (ω)E 2 , where α T (ω) is the total dynamic POL of the atomic energy state at frequency ω and E is the magnitude of the external electric field. In case of a single-valence atomic system with a valence electron in the vth orbital, the total POL can be written as α
Here α C (ω) is the frequency dependent core POL of the ionic core in the absence of the valence electron. α V C (ω) gives a correction [6] to the core POL due to the presence of the valence electron and it is considered as ω-independent in the present work due to tightly bound core electrons. α V (ω) is the valence POL of the monovalent system. The α C and α V C , relatively weaker contributing terms to total polarizability compare to α V , are approximately computed using lower-order many-body perturbation theory discussed in references [5, 34] Our primary focus in this paper is to evaluate α V (ω) precisely for a monovalent atomic system in the presence of an external LP-FV beam. As Laguerre-Gaussian (LG) beam is a well established example of vortex beams, we assume initially paraxial form of a linearly polarized coherent LG beam without any off-axis node and it is propagating along the z− axis. The field is expressed as [20] E i (ρ, φ, z, t) = E i (t) √ 2ρ/w 0 |l| e i(lφ+k0z)x . Here k 0 is the wave number, w 0 is the waist and l is the topological charge or OAM of the beam. We consider that this paraxial LG beam is focused by passing through an objective (lens) with a high numerical aperture (NA) [21] . Then the focussed LG beam interacts with a cold atom or ion whose de Broglie wavelength is large enough to experience the intensity variation of this beam. In order to take a full advantage of the high NA of the lens, we assume that w 0 overfills the entrance aperture radius. According to Kirchhoffs approximation of diffraction theory [35, 36] , the consequent components of spin-orbit coupled nonparaxial linearly polarized LG beam can be expressed as
Here E x , E y and E z are the x-, y-and z-components of the electric field, respectively. The amplitude of the focused electric field is E 0 = πf λ T E i , where E i is the amplitude of the incident electric field, T is the transmission amplitude of the objective, and f is its focal length related with ρ by ρ = f sin θ (Abbe sine condition). The coefficients u l+m , where m takes the values 0, ±1, ±2 in the above expression, depends on the focusing angle of NA (ϑ m ) by [37] 
Here J l+m (kρ sin ϑ) is cylindrical Bessel function and k = µk 0 , where µ is the refractive index of the medium. The angular functions, g |m| (θ), are g 0 (ϑ) = 1 + cos ϑ, g 1 (ϑ) = sin ϑ, g 2 (ϑ) = 1 − cos ϑ. Now, let us discuss about Eq. (2.1) in detail. Linearly polarized light can be considered as the superposition of left (β = +1) and right (β = −1) circularly polarized light. Because of focusing and the diffraction from the edges of the aperture, each circularly polarized light (β = ±1) can be decomposed into three sets of local polarizations (±1, ∓1 and polarization along z-axis) [21] . Among these three sets of local polarizations, the first set has equal amplitude (u l ) for ±1 local polarizations. Therefore, even after passing through the focusing lens, the superposition of these local polarizations results linearly polarized beam with the OAM similar to the OAM of the incident beam. However, in the case of second set, different field amplitudes, u l+2 and u l−2 , are generated with two different polarizations and topological charges (l + 2 and l − 2, respectively,) after focusing and conserving the total angular momentum of the beam. Therefore, the field will gain from two opposite circular polarizations having different amplitudes and creates the vector part of valence POL in interaction with an atomic systems. Further, the third set yields u l+1 and u l−1 fields with topological charges l + 1 and l − 1, respectively; but both the fields are polarized along the z− direction, which is another interesting manifestations of focusing the beam. Nevertheless, using the non-paraxial form of linearly polarized electric field presented in Eq. (2.1), α V (ω) of an atomic system can be expressed as α
Here the coefficients C i s are expressed in the following forms:
, and
, where J V and m JV are the total angular momentum and its magnetic component for the single-valence atomic state |Φ V . The calculation of α V (ω) [5, 7] of an atomic state directly depends on different combinations of integrals u l+m . These integrals can be altered with the various choices of the topological charges of the incident LG beam and the NA of the objective. As a consequence, the total POL of an atomic state and associated magic wavelengths of transitions can be tuned externally using different structures of the beam.
III. NUMERICAL RESULTS AND DISCUSSIONS
As the electron-correlation affects the α V part of dynamic POL most significantly due to a loosely bound valence electron, the precise estimations of the scalar, vector and tensor parts of the valence POL for the corresponding states require correlation exhaustive manybody calculations [8] [9] [10] [11] [12] [13] [14] [15] with a sophisticated numerical approach. The reader is requested to see the 'Supplementary Material' (SM) of this paper. Whereas, the core polarizability, α C (ω), is valence-state independent quantity and can be calculated quite accurately with core polarization corrected E1 matrix elements using the 2nd-order relativistic many-body perturbation theory [46] . Our calculation yields that the static core POL (α C (0)) of the ion is 6.103 a.u.. The static core-valence parts of the POL (α V C (0)) for the states 5s states are found to be 87.68 a.u., 55.92 a.u. and 56.21 a.u., respectively [7] , and static tensor POL (α states become -34.67 a.u. and -47.12 a.u., respectively [7] . Here the incident LG beam is considered with OAM=+1 and +2 with the focusing angle of 60
• ; though the variation of C 1 α 1 V (ω) with the focusing angle is marginal here. However, the focusing angle has significant effects on the scalar and tensor POL, and consequently on the total POL (discussed later). As shown in this figure, all the magnetic sublevels of 5s states. As expected and also it is clear from the graphs that OAM=+1 always produces higher peak value of vector POL compare to OAM=+2 as dipole matrix elements induced by the former is much stronger then the later. Also, the magnitude of the peak value of the vector POL is magnified with m J for a fixed value of J, which is obvious from the expression of C 1 (also see SM). Many small scale structures in the vector POL profile of 4d states at 60
• focusing angle of the LG beam with OAM=+1. Here, due to focusing, the light induces spin-orbit couplings which affects the total scalar (C 0 α transitions at each set of the magnetic sublevels. The magic wavelengths are spanned from the near-infrared to the UV regions of the electromagnetic spectrum (details are given in the SM along with the direct evidence of spin-orbit coupling). One can see from the plots that the magic wavelengths which falls at the infrared regions correspond to larger values of total POL. Therefore, these magic wavelengths are the most important to trap the ion and support the red-detuned trapping scheme.
The dependency of OAM and focusing angle of the beam on the properties of atoms, such as magic wavelengths along with corresponding total and vector POL values for the 5s 1 2 → 4d 5 2 (+3/2) transition, are presented in FIG. 3 and FIG. 4 for the cases Set-1, Set-2 and Set-3 as indicated in FIG. 2(b) . The magic wavelengths and total POL values of the Set-1, Set-2 and Set-3 are (1793.83 nm, 99.14 a.u.), (1119.49 nm, 107.13 a.u.) and (407.18 nm, 14.02 a.u.), respectively, for linearly polarized paraxial LG beam. The presented results for paraxial cases are also true for Gaussian beam as the OAM of the LG beam does not affect the electronic motion of an cold atom or ion (which is below its recoil limit) at the dipole transition level [20] and accordingly OAM does not influence the dipole POL of an atomic state under the paraxial limit [7] . Effective contributions of vector POL to the total POL values, presented in Fig. 4 that vector POL values are extremely important only at magic wavelengths near 407 nm for 5s 1 2 state. Whereas, the vector POL is significant at all the magic wavelengths for 4d 5 2 , specially at IR wavelengths. Further point to notice that vector POL have marginal dependence on the focusing angle. It is clear from Fig. 3(b) and Fig. 4 that for a particular set, the increase of OAM decreases the total POL and corresponding magnitude of vector POL and these are true for all wavelengths.
FIG . 5 illustrates the wavelength dependence dynamic POL values of the state 4d 3 2 of Sr + due to the external field of LG beam with OAM=+1 and +2, focused at angle 60
• as well as for the paraxial Gaussian beam. Here, both the beams are linearly polarized. As the Gaussian beam is paraxial, there will not be any vector part in the total POL and the tune out wavelengths for 4d LG, 4d3(+1/2)
LG, 4d3(-1/2) Gaussian, 4d3(|3/2|)
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LG, 4d3 ( of vector POL for circularly polarized paraxial Gaussian beam, creates an equal amount of shift to the tune out wavelengths in opposite direction [47] . But, here the vector POL is generated due to the focusing of linearly polarized LG beam and it shifts the tune out wavelength differently for different multiplets. For 4d 3/2 state, both m J = ±1/2 sublevels shifts towards larger wavelengths for OAM=+1 and +2. Whereas, for m J = ±3/2 sublevels, tune out wavelengths shift towards smaller wavelengths. Moreover, the separation of tune out wavelengths corresponding to the sublevels of particular multiplets decreases with the increase of OAM of the beam, which indicates the effect of the spin-orbit coupling varies with topological charge of the vortex beam. All the magic and tune out wavelengths calculated in this paper have maximum uncertainty of around ±1%. Details of this uncertainty estimation procedure is discussed in Ref. [7] .
IV. CONCLUSION
In summary, we have developed a theoretical formalism for the dynamical POL values of the atomic states due to linearly polarized non-paraxial vortex beam. The significant influences of vector polarizabilities to these dynamical POL values for this linearly polarized light, which is absent for gaussian beam or even for paraxial vortex beam, is one of the main findings of this work. This formalism is explored to calculate the magic wavelengths of the clock transitions 5s 1 2 → 4d 3 2 , 5 2 of the Sr + ion. Moreover, the effects of topological charges and spinorbit coupling as focusing angle of the vortex beam are studied to investigate the variation of the total POL values and eventually on the magic wavelengths. A large numbers of magic wavelengths, shown for the clock transitions of Sr + ion, can be useful to restrict the ion's position following a blue-or red-detuned trapping scheme. The tunability of the magic wavelengths proves that the spin-orbit coupling of the LG beam adds an extra freedom to control an atom or ion. The vector POL values presented in this paper can be verified experimentally by stimulated Raman spectroscopy [48] or by measuring the tune-out wavelengths for magnetic sublevels of same multiplets [47, 49] . We believe that the present theoretical development will give an additional flexibility to trap an atom or ion using red-or blue-detuned trapping technique in near future.
SUPPLEMENTARY MATERIALS (SM) V. EXPRESSIONS OF SCALAR, VECTOR, TENSOR AND TOTAL VALENCE POLARIZABILITY:
, and α 2 V (ω) are the scalar, vector, tensor parts, respectively, of the dynamic valence polarizability α V (ω) which are expressed in sum-over-states approach [1] [2] [3] [4] [5] [6] as follows
and
Here J V is the total angular momentum of ψ V . | ψ V ||d||ψ N | is the reduced dipole matrix elements. C i s depend on the beam parameter.
VI. NUMERICAL PROCEDURE:
The electron-correlation significantly affects α V of the dynamic polarizability due to the loosely bound valence electron. Therefore, the precise estimations of the scalar, vector and tensor parts of the valence polarizabilities for the corresponding states require correlation-exhaustive many-body treatments with a sophisticated numerical approach. In the process of evaluations of the valence polarizabilities for 5s .3) with the states up to principle quantum number 25. According to the significance of each E1 matrix elements to the summations in these equations, many-body calculations of different orders of correlations are employed with negligible compromise in the accuracy of estimations [7] . The most dominant E1 matrix elements are associated with the intermediate states 5
2 P 1/2,3/2 to 8 2 P 1/2,3/2 and 4 2 F 5/2,7/2 to 6 2 F 5/2,7/2 as ψ N and they are computed using a relativistic coupled-cluster (RCC) theory having a closed-shell and a single-valence open-shell cluster operators containing single, double and valence triple excitations in linear and non-linear forms [8] [9] [10] [11] [12] [13] [14] [15] . Relatively less significant dipole matrix elements are involved with the states 9 2 P 1/2,3/2 to 12 2 P 1/2,3/2 and 7 2 F 5/2,7/2 to 12 2 F 5/2,7/2 and are evaluated using the 2nd-order relativistic many-body perturbation theory. The remaining matrix elements contribute a little to the sums as defined in Eq. (5.1) to (5.3) and are calculated using the DiracFock method. Also, in order to achieve a better accuracy in the magic wavelengths and the corresponding total dynamic polarizabilities, we have utilized the transition energies from the experimental data [16] . By employing the above methods, the static scalar polarizabilities (α states are computed as -34.67 a.u. and -47.12 a.u., respectively.
VII. LIST OF MAGIC WAVELENGTHS AND CORRESPONDING TOTAL AND VECTOR POLARIZABILITIES:
A list of magic wavelengths spanned from the nearinfrared to the UV regions and the corresponding total polarizabilities of the transitions 5s are presented in Table I to Table III (+5/2) transition, we have found (in table III ) two sets of infrared magic wavelengths are missing at the focusing angle 50
• and 60
• of the beam, but all five sets of magic wavelengths present at 70
• when the projected beam has OAM=+2. This highlights the direct effect of spin-orbit coupling of LG beam on the magic wavelengths. All the tables show that the magic wavelengths fall in the visible and UV region of the electromagnetic spectrum support the blue-detuned trapping scheme confining the ion in the low intensity region of the LG beam [17] [18] [19] [20] . 
